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1. Introduction

The class of Bol algebras was introduced by Sabinin and Mikhev [17]
in connection with the study of tangent algebras of smooth Bol loops. It is
well known that, Bol algebras generalize Malcev algebras, which are also
natural generalization of Lie algebras. For the first time, the notion of
Malcev algebra appeared in the remarkable work of Malcev was called
Moufang-Lie algebra by Malcev himself, see [13]. The question of the
validity of the analogue of Levi-Malcev theorem for Malcev algebras was
posed by Kuz’'min [9] in the Dnester note-books and the answer was given
by Grishkov and Kuz'min affirmatively, see [4] and [10]. We had recall
that, Bol algebras generalize Malcev algebras. Since the Levi-Malcev
theorem plays the basic role in structural theories, it is useful to get some
generalized version of such theorem for Bol algebras. However, the
underline theory was incomplete because of the absence of a theorem
analogous to that of Levi-Malcev in Malcev algebras. Till now, the validity
of Levi-Malcev theorem is unknown for Bol algebras. That is the main
investigation of this paper. First, we present the notion of solvability,
nilpotency, and construct the radical and the nilradical for Bol algebras.
Next, we establish the important results between the Killing-Ricci form,
nilpotent Bol algebras, and automorphisms of Bol algebras. In the last

section, we build Levi-Malcev theorem for homogeneous Bol algebras.
2. Fundamental Concepts

Definition 2.0.1. A vector space V over a field K equipped with a

trilinear operation [—; —, —] is called a Lie triple system, if
@ [a; a, b] = 0,
(i) [a; b, c] + [b; ¢, a]+[¢; a, b] = 0,

(i) [x; v, [a@, b, c]] = [[x; ¥, a];b, c]+ [a; [x; y, b], c] + [a, b, [x; y, c]] for
all x, y,z,a,b,ceV.
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A left Bol algebras (V,[-; —, -], [-, —]) is a Lie triple system

(V,[= - -]) with an additional skew-symmetric operation [, —]

satisfying [a, b, [x, y]] = [[a; b, x], ]+ [x; [a; b, y]] + [x; . [a, b]] + [[a, B],
[x, y]] forall x, y, 2z, a, b, c e V.

Example 2.0.1. (1) Let K be a commutative field of characteristic
different to zero. We set A = {f / f(x) = ax + b}, and we defined on A,

the following operations:

dg dh dh

_ af
[f’ g,h]—f%%—g%%,and
_rdg _ _df
[f’ g]_ fa gdx’
(A, [-, =][-, -, =]) is a Bol algebra.

(2) Let V be an algebra of dimension 3 with a given basis (e; );<;<3,

we defined by

[e;, e3] = xe; + pey + eg, for all x, p greater or equal to zero,
(61, €2, 63) = €1,
(e1, e3, e3) = e1.

The bilinear and the trilinear brackets of those not appearing are set

to be equal zero. (V, [, ], (-, —, —)) is Bol algebra.

Definition 2.0.2. A homomorphism f:V — W between two Bol

algebras V and W is a linear map preserving the ternary and the binary

operations.
Definition 2.0.3. An ideal of Bol algebra Vis a subspace I for which
[I,Vl]cTand [I,V,V]c L

Remark 2.0.1. If T is an ideal of Bol algebra V, the quotient V /I is a

Bol algebra with the operations: [x + I; y+ I, z+ I]=[x; y, z]+ I and



4 N. NDOUNE and THOMAS B. BOUETOU

[x+ I, y+I]=[x, y]+ I forall x, y, z € V. The mapping x—> x + I is

a homomorphism of Bol algebra V onto a Bol algebra % with the kernel I.

2.1. Solvable and semi-simple Bol algebras. As in the study of Lie
triple systems and anti-Lie triple systems in [5, 7, 12], we introduce the
notion of radical and nilradical for Bol algebras. The study of solvable and

semi-simple Bol algebra can be find on [11].

If T is ideal of Bol algebras V, put I° = I, IW = [I, 1]+ [V, I, I], and
1&D —1® 1B v, 18, 1] for £ e N,

Lemma 2.1.1 ([1]). For each k in N, I%*D s an ideal of %), Thus,
I > v o...D JUk+1)

Definition 2.1.1. An ideal I in Bol algebra V is solvable, if there is a
positive integer n for which I (n) 9,

It is well to remark that, if I and J are ideals in Bol algebra V, J < I

and I is solvable, then </ also.
We note that, if ¢ is a homomorphism of Bol algebras V into a second

Bol algebra W, then (p(V(i)) = ((p(V))(i).

Lemma 2.1.2. Every subalgebra and every homomorphic image of
solvable Bol algebras is solvable. If V contains a solvable ideal I such that
V | I is solvable, then V is solvable.

Proof. The first two statements are clear. Let denotes by = the

canonical projection xt—> x + I of Vonto V /I. Then
w(VH) = (=(v)®)

-/ D®

:0,
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where k is the index of solvability of V / I. Hence v c I. According to
the hypothesis, I is solvable and we have I ") — 0 for some h. Hence,
1740 < I implies Vis solvable. O

Proposition 2.1.1. The sum of any two solvable ideals of V is solvable
ideal.

Proof. Let I and o be solvable ideals. By one of the standard theorem

I+d _ I

of isomorphism theorems, I ()< is an ideal in I and T =TnJ

The

Bol algebra is solvable as homomorphic image of the solvable Bol

_I
ndJd
algebra I. Since <J is solvable, the lemma applies to prove that I +J is
solvable. O

Corollary 2.1.1. Let us form R(V)= X 1., I, is solvable ideal in V
aeA

and A is a subset of N. Then, R(V) is solvable and is the unique

maximal solvable ideal in V.
Proof. We are going to proceed by induction.

If the cardinal of A is 2. According to Proposition 2.1.1, R(V) is

solvable. Assume that the sum % I, is solvable with A; a subset of A,
O.EA]_

which has % elements.
Let Ay be a subset of A, which has (k +1) elements and A; < As.

We have > I, = X I, +ap,;, which is solvable as sum of two
(XEAZ OLEAl

solvable ideal.

Let L be a solvable ideal of V, then there is a € A such that L = I.

Hence R(V) is maximal ideal in V.
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Definition 2.1.2. The ideal R(V) established above is called the
radical of Bol algebras V. In case R(V) = 0, the Bol algebra V is semi-

simple.

2.2. Nilpotent ideal in Bol algebras. In this subsection, we extend
Hopkins definition for the Lie triple systems [5], to Bol algebras. There is

an other definition of nilpotence for Lie triple systems given by Kamiya,

see [7]. Suppose that L is an ideal of V. Then % = 1 and fork > 0,
U~ v, M)+ (I8 v, L)+ [L, v, I#1] defines the series for L.
L is nilpotent if L™ = 0 for some n. Note that [L, L¥, v]+ [V, L)}, L]

c L[k+l]

Lemma 2.2.1. I and J are two ideals of Bol algebra V such that
I < J. If J is nilpotent, then I also is nilpotent.

Proof. We show by induction that, I/ = g 101 = 1 ang J0O1 = g,

the property is true for & = 0.

Suppose that Il = J¥1 and let us show that, 7+ < JU+1 we
have I = (v, 114 (1) v, 1141, v, )] and g0+ = [v, gk
+ [JJEL v g1+ (g, v, T Since 1) < g then rlk+1] < glk+1],

O

Proposition 2.2.1. Suppose that L and J are ideals of Bol algebra V,

the following statements are true:
1) I is an ideal of V, so ¥+ < [JF].
@ @nviF = M.

(3) If L and J are nilpotent, then L + J is a nilpotent ideal of V.
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Proof. (1) is proven as Lemma 2.1.1.
(2) We proceed by induction. If & = 0, we have (L N V) = 0/ nv.
Suppose that (L N V)* = 81 N V. We have
U - v, 09 v, p1+ (L, v, )Ny
=, nvi+ [ nv, v, Lnv]+[Lnv, v, v
v, NV mnviH v, Lavi+Lnv, v, (mnv)#

— (L ﬂ V)[k+1] .
Hence the result.

(3) We can show by induction, the relation of inclusion
A . .
L+ = (@ @ 1 gt m
1=1

Let Vbe a finite dimensional Bol algebra, then this implies that there
is in V a unique maximal nilpotent ideal, called the nilradical of V, which

contains all other nilpotent ideal of V.

We note that, if ¢ is a homomorphism of Bol algebras Vinto a second
Bol algebra W, then (p(V[i]) = ((p(V))[i].

We set now, Zy(V)={x € V/[a,x]=0,Va e V} and Z;(V) = {x e

V/la, b, x] =0, Va, b e V}. Zog(V)N Z;(V) is an ideal of Bol algebra V
and we denotes Z = Zy(V)N Z;(V).

Proposition 2.2.2. If V/Z is nilpotent, then V is nilpotent.

Proof. Suppose that V/Z is nilpotent of nilindex n,and n : V — V/Z

the canonical projection. Then vyl < z.
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If I is an ideal of V, we can define another weak series for I as

above. We set I° =1 and I™*' =[I*, I*] for n > 0. We have also

o(V¥) = (o(V)), if ¢ is a morphism of Bol algebra.

3. Bol Algebras with Killing-Ricci Form

The Killing-Ricei form was originally introduced by Cartan into a Lie
algebra theory in his thesis [2], to characterize solvable and semi-simple
Lie algebras. Following Cartan and Kikkawa [8] for the case of Lie triple
systems, Killing-Ricci form was introduced by Kuz’'min and Zaidi on Bol
algebras, for the same purpose, see [11], but they are not characterized
the automorphisms of Bol algebras and the nilpotent Bol algebras with

such form; that is the aim of this section.

Let (B, -, [-, -, —]) be a Bol algebra. A linear map p: B — B is

called pseudoderivation of B, with the companion a, if the following

equalities hold for all x, y, z € B:
P([x, y, 2]) = [p(x), v, 2]+ [x, p(y), 2] + [x, ¥, P(2)],
plx-y)=px)-y+x-py)+[x, 5, a]+a-(x-y).

For all a, b € B, the map D(a, b) : x — [a, b, x] is a pseudoderivation
with companion a - b; linear combinations of such maps are called inner

pseudoderivation and denoted by IPderB. The standard enveloping Lie
algebra for B is the Lie algebra L = B + [B, B] = B + IPderB, with the

bracket defined by
[a, b] = a - b+ D(a, b), [D(a, b), c] = D(a, b)(c), and
[D(a, b), D(c, d)] = D(a, b)D(c, d) — D(c, d)D(a, b).

This enveloping Lie algebra is the same for the associate Lie triple
system and was defined by Hopkins in [5]. It is important to remark that
Hopkins has defined the standard enveloping Lie algebra in general case

of Lie and anti-Lie triple systems; for Lie triple systems, the standard
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enveloping is Lie algebra, and for anti-Lie triple systems, the standard
enveloping is Lie superalgebra. To know more about Lie superalgebras,
see [6].

Now, let B be a finite-dimensional Bol algebra, L be its standard
enveloping Lie algebra, and a be the Killing-Ricci form of L. We define
the Killing-Ricci form of the Bol algebra B as the restriction B of the form

o to B. The following theorem provide the link between automorphisms
of Bol algebras and the Killing-Ricci form for such Bol algebra as in the

case of Lie theory. Our first main result is this.

Theorem 3.0.1. Let B be a finite-dimensional Bol algebra. The
Killing-Ricci form on Bol algebra B is invariant under the automorphisms
of Bol algebras; that is, B(f(x), f(y)) = (x, y) for all x, y e B and f an

automorphism of B.

Proof. Let f : B —> B be an automorphism of Bol algebra B and
L = B + B, B] its standard enveloping Lie algebra. We define

}7 :L — L
as follow:

f(x) = f(x), for x e B; f(D(a, b)) = D(f(a), f(b)) and F(D(a, b)D(c, d))
= D(f(a), f(®))D(f(c), f(d)), we extend f to all elements by linearity.

Let a, b, ¢, d on B, we have
f(la, b]) = f(a-b+ D(a, b))
= f(a-b)+ f(D(a, b))
= f(a)- f(b) + D(f(a), f(b))
= [f(@), F®)],
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f([D(a, b), ]) = F(D(a, b)(c))
= f([a, b, c])
= [f(a), £0), f(c)]
= D(f(a), f(B))(f(c))
= [D(f(a), f(b)), f(c)]
= [/(D(a, b)), F(0)],
f([D(a, b), D(c, d))) = f(D(a, b)D(c, d)) - f (D(e, d)D(a, b))
= D(f(a), fG)D(f(c), £(d) - D(f(c), F(@)D(f(a), (b))
= [D(f(a), f)), D(f(c), f(d))]
= [f(D(a, b)), F(D(c, d))].

Let a be the Killing-Ricci form of L and the Killing-Ricci form of the
Bol algebra B is the restriction B of the form o to B. 7 is an
automorphism of L. Then o(f(x), f(v)) = (x, y). Hence P(f(x), f(»))
= (x, ).

O

Now we can also give the relation between nilpotent Bol algebra and

its Killing-Ricci form.

Lemma 3.0.1. Let B be a Bol algebra and L be an enveloping Lie
algebra for B, N(B) and N (L), respectively, the nilradical of B and L. If
I is a nilpotent ideal of B, then I +[B, I| is a nilpotent ideal of L; in
particular, N(B) ¢ N(L).

Proof. Since any nilpotent ideal of a Bol algebra is nilpotent ideal in

its restriction Lie triple systems. This lemma follows from a similar

statement about Lie triple systems, see ([5], Corollary 3.3). O
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Theorem 3.0.2. The Killing-Ricci form of a nilpotent Bol algebra B is

identically zero.

Proof. Let B be a nilpotent Bol algebra and L be the enveloping Lie
algebra for B. Let B and o be the Killing-Ricci form, respectively, of B

and L. B is nilpotent, so is L, according to Lemma 3.0.1. It is clear that
o = 0, hence B = 0.

4. The Levi-Malcev Theorem for Homogeneous
Bol Algebras

The definition of homogeneous Bol algebras in this paper is the one of

that was used by Filippov in [3].

Definition 4.0.1. Bol algebras, whose trilinear operation is expressible
through the bilinear operation as homogeneous polynomial are called

homogeneous Bol algebras; that is,
[x, y, 2] = allx, y], 2]+ Blly, 2], x] + ¥[lz, x], ¥],
for some a, B, y in the based field and x, y, z € V.

We have also a geometric realization of homogeneous Bol algebras,
given by Sabinin in [19] and Mikhev in [14]. Let (B, V) be an affinely
connected space with the curvature tensor R = 0, and let X(x) be an
infinitesimal affine transformation in (B, V); that means for every vector
field Y € B, we have Ly oV -VoLyx =V[xy], where L is a Lie

differential in the direction of the vector field X. Let us introduce in B a

basis of vectors field such that for every X;, X, ..., X,,, then X(x) =
ol (x) (Xj)|x and we can have [X;, X;]= —Ti{;Xj. The following

definition is due to Mikhev in [14].
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Definition 4.0.2. A local analytic loop (B, ., e) verify the G-property
if there exists such a neighbourhood U of the point e € B, such that for

any x € U, the loops (B, ., e) and (B, %, e) are isomorphic.

The underline author has show that, a local analytic Bol loop (B, ., e)

posses a G-property, if and only if the corresponding affine connected

space (B, V) is local homogeneous. To know more about homogeneous

spaces, see [15]. Now, let B be a Bol loop that posses a G-property and

V =T,(B) be its an infinitesimal object. Indeed, we will have the

following bilinears and trilinears operations:
G C-meT,(B), G-n)f =T,
(C7 T], T)L = (VeTL';e + TLZTSLZ)C]nlea

[X;, X;]= —Ti{;X j» which will verify the identities of the definition of
Bol algebras. In addition, this Bol algebras is homogeneous.

4.1. Connection with Malcev algebras. The notions of ideal, solvable
ideals, radical for Malcev algebras was defined in [20]. In this subsection,
we show that, there is compatibility for the notion of ideal, solvability,
radical between homogeneous Bol algebras and Malcev algebras.

An anticommutative algebra (M, [,]) is said to be a Malcev algebra, if

it satisfies the identity [J(x, y, 2), x] = J(x, y, [x, z]), where

J(x, v, 2) = [x, [y, 2]l + [y, [z, x]] + [z, [x, ¥]]

is the Jacobian of x, y, z, see [4, 13, 16, 18, 19]. Malcev algebras arise as
tangent algebras of analytic Moufang loop, it is a geometric realization of
Malcev algebras, see the same references above.

From Malcev algebra (M, []), one can obtain a Bol algebra

(M, [], [, ,]) with the ternary product defined by
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[, 3. 2] = [[x. 3], 2] -5 I (x, 3, 2)

In fact, this Bol algebra is homogeneous.

We recall that, Malcev algebras are particular examples of
homogeneous Bol algebras; thus, every homogeneous Bol algebra is

neither Malcev algebra, or not.

We have the following theorem of Filippov in [3], which give a nice
characterization of the class of homogeneous Bol algebras, which are not

Malcev.

Theorem 4.1.1 (Filippov [3]). If the homogeneous Bol algebra V over a

field of characteristic distinct from 2 and 3 is not Malcev algebra, then
(V) =o.
Now we are in position to prove our second main result.

Theorem 4.1.2. Suppose that V is a finite-dimensional homogeneous

Bol algebra over a field of characteristic zero and R(V) is the solvable
radical of V, then V decompose into a semi-direct sum of R(V) and some

semi-simple Bol sub-algebra @ of V.
The proof of this theorem use the following lemmas:

Lemma 4.1.1. Let V be a homogeneous Bol algebra which is Malcev

algebra, then the following statements are equivalent:
(1) Iis an ideal of Malcev algebra V.
(2) Iis an ideal of Bol algebra V.

Proof. Suppose that, I is an ideal of Malcev algebra V; then [I, V] c
1. We have

I, V]+[L, V, V] =L, V]+a[I, V], V]+ B[V, V], I]+4[[V, I], V]

(1, VI+ L, V], VI+ IV, V], 1]+ [V, 1], V]

I

N
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Conversely, let I be an ideal of Bol algebra V, then [I, V]+[I, V, V] c I;
thus [I, V] < I and I is an ideal of Malcev algebra.

0

Lemma 4.1.2. Let V be a homogeneous Bol algebra, which is Malcev

algebra, then the following statements are equivalent:
(1) Iis a solvable ideal in Malcev algebra V of index m.

(2) Iis a solvable ideal of Bol algebra V of index m.

Proof. Let us denoted by I k the ascendant series of ideals I in
Malcev algebra v by: I° = I and I**! = [I* I"*] for n > 0, and recall

the ascendant series of ideals I in Bol algebra V.
Let us show by induction that I* = 0, if and only if I/*] = 0, vn > 1.
If n =1, we have
I' =1, N+[V, I, I]
= [, 11+ oIV, 1, 1]+ BIIL. 1, V] +4(IL, V], 1]
=[I, I+ [V, I], I1+ (I, I], V]+][I, V], I]
= 0.
Then I' = 0 implies I = 0.
Conversely, assume that W - , ie, It +[V, I, I]=0. Then
I' = 0. Let I be an ideal of index m in Malcev algebra. We have
= oy p(v, 1))
=0,
where P is homogeneous polynomial.

Conversely, if m - 0, then I™ + P([V, I™]) =0, thus I™ =0. O
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Let V be a Bol algebra, we denote by R(V)B it’s radical. And let V be

a Malcev algebra, we denote by R(V)? its radical. We have the

following lemma:
Lemma 4.1.3. If Vis a Bol algebra which is also Malcev algebra, then
RWVYM = R(v)B.

Proof. We have show that if I is a subset of V, I is an ideal of Bol
algebra V, if and only if I is an ideal of Malcev algebra v; and I is solvable

on Bol algebra V of index n, if and only if [ is solvable on Malcev algebra

Vof index n. Hence R(V)M = R(V)B.

O

Corollary 4.1.1. Let V be a Bol algebra, which is Malcev algebra. An
ideal I of Malcev algebra V is semi-simple, if and only if I is a semi-simple
ideal of Bol algebra V.

Proof. We use the above theorem in the case, which
RVM = r(V)E <.
O
Lemma 4.1.4. Every ideal in the finite dimensional homogeneous Bol

algebra, which is not Malcev is solvable.

Proof. Let V be a homogeneous Bol algebra, which is not Malcev

algebra. We have V° = V
v Z v, V]+ [V, V, V]
= [V, VI+ o[V, V], V]+ BV, V], V]+ 4V, V], V]
= [V, V]+[V, V], V]
=[v, V]

=vh
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v = [V, V], [V, VI + [V, [V, V], [V, V]]
=V, VL, [V, VI + [V, V]+ o[V, [V, V], [V, V]]
+ BV, V1, [V, V1, VI+llv, V1, V1, [V, V]I
=V, VL[V, VI+ [V, [V, V], [V, V]]
=[v, V][V, V]
= V2
Ve Z[v@) y@. [y, v@) @)
= [[v. VL. V. VI [IV. V], [V. V][ + o[ [V, V@], V)]
+ IV, VAL, V][V, v], v?]
=[v, v], v, VIL [V, V], [V, VIl
+ [V, IV, VI, IV, VL [V, V], [V, V]]
+ v, V1 v, VDL [V, V], [V, VI, V]
+ [V, V1, v, V], VI, [V, V1, [V, V]]
=V Ve vYvE
=0.
According to Filippov [3].

Let I be an ideal on algebra V, I < V, and V is solvable. Hence I is
solvable. O

Now we are going to prove our theorem.

Proof. Let V be a homogeneous Bol algebra. If V is Malcev algebra,
according to the theorem of Griskov-Kuz'min in [4] and [10], V = R(V) ®
@, where R(V) is a radical of Bol algebra V and @ is a semi-simple sub-Bol
algebra of V. Since the Lemmas 4.1.1-4.1.3 show the compatibilities of the

two structures.



A NOTE ON LEVI-MALCEV THEOREM FOR ... 17

If V is not Malcev algebra, according to the Lemma 4.1.4, V is

solvable. Hence the theorem is valid.

(1]
(2]

(3]

(4]

(5]

(6]
(7

(8]

9]
(10]

(11]

[12]

(13]
(14]

(18]

(16]

References

Thomas B. Bouetou, On the structure of Bol algebras, Arxiv: Maths.

E. Cartan, Sur la structure des groupes de transformations finis et continus, These
(1894).

V. T. Filippov, Homogeneous Bol algebras (Russian), Sibirsk Math. Zh. 35(4) (1994),
919-926, v; translation in Siberian Math. J. 35(4) (1994), 818-825.

A. N. Grishkov, Analogue of Levi’s theorem for Mal’'tsev algebras, Algebra i Logika
16(4) (1977), 389-396.

N. C. Hopkins, Nilpotent ideals in Lie and anti-Lie triple systems, Journal of
Algebra 178 (1995), 480-492.

V. G. Kac, Lie superalgebras, Adv. in Math 26 (1977), 8-96.

N. Kamiya, The nilradical for Lie and anti-Lie triple systems, Journal of Algebra
158 (1993), 226-232.

M. Kikkawa, On Killing-Ricci forms of Lie triple algebras, Pacific J. Math. 96(1)
(1981), 153-161.

E. N. Kuz’'min, Dnester Notebook, Novosibirsk, 1976.

E. N. Kuz’'min, Levi’s theorem for Mal'tsev algebras, Algebra i Logika 16(4) (1977),
424-431.

E. N. Kuz’min and Zaidi, Solvable and semisimple Bol algebras, Algebra and Logic
32(6) (1993), 361-371.

W. G. Lister, A structure theory of Lie triple systems, Trans. Amer. Math. Soc. 72
(1952), 217-242.

A. 1. Malcev, Analytical loops, Matem. Sb. 36 (1995), 569-576 (in Russian).

P. O. Mikhev, On G-Property for Analytic Bol Loops, Webs and Quasi-groups,
Kalinin, (1986), 54-59.

K. Nomizu, Invariant affine connections on homogeneous spaces, Amer. J. Math. 76
(1954), 33-65.

J. M. Perez-Izqquierdo and Ivan P’Shestakov, An envelope for Malcev algebras,
dJ. Algebra 272 (2004), 379-393.



18

(17]

(18]

(19]

(20]

N. NDOUNE and THOMAS B. BOUETOU
L. V. Sabinin and P. O. Mikhev, On the infinitesimal theory of local analytic loops,
Soviet Math. Dokl. 36 (1988).

L. V. Sabinin and P. O. Mikhev, Quasigroups and differential geometry,
Quasigroups and Loops Theory and Applications, Berlin: Helderman Verlas, (1990),
357-430.

L. V. Sabinin, Smooth Quasigroups and Loops, Mathematics and its Applications,
492, Kluwer Academic Publishers, Dordrecht, 1999, 249p.

A. A. Sagle, Malcev algebras, Transactions of the American Mathematical Society
101 (1961), 426-445.



