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Abstract 

Bol algebras are a broad generalization of Lie algebras that include Lie, Malcev 
algebras, and Lie triple systems as very particular examples. We present the 
concept of solvable ideals, nilpotent ideals in the category of Bol algebras, the 
existence of radical and nilradical is proven. The Levi-Malcev theorem is 
established for homogeneous Bol algebras. 
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1. Introduction 

The class of Bol algebras was introduced by Sabinin and Mikhev [17] 
in connection with the study of tangent algebras of smooth Bol loops. It is 
well known that, Bol algebras generalize Malcev algebras, which are also 
natural generalization of Lie algebras. For the first time, the notion of 
Malcev algebra appeared in the remarkable work of Malcev was called 
Moufang-Lie algebra by Malcev himself, see [13]. The question of the 
validity of the analogue of Levi-Malcev theorem for Malcev algebras was 
posed by Kuz’min [9] in the Dnester note-books and the answer was given 
by Grishkov and Kuz’min affirmatively, see [4] and [10]. We had recall 
that, Bol algebras generalize Malcev algebras. Since the Levi-Malcev 
theorem plays the basic role in structural theories, it is useful to get some 
generalized version of such theorem for Bol algebras. However, the 
underline theory was incomplete because of the absence of a theorem 
analogous to that of Levi-Malcev in Malcev algebras. Till now, the validity 
of Levi-Malcev theorem is unknown for Bol algebras. That is the main 
investigation of this paper. First, we present the notion of solvability, 
nilpotency, and construct the radical and the nilradical for Bol algebras. 
Next, we establish the important results between the Killing-Ricci form, 
nilpotent Bol algebras, and automorphisms of Bol algebras. In the last 
section, we build Levi-Malcev theorem for homogeneous Bol algebras. 

2. Fundamental Concepts 

Definition 2.0.1. A vector space V over a field K equipped with a 
trilinear operation [ ]−−− ,;  is called a Lie triple system, if 

(i) [ ] ,0,; =baa  

(ii) [ ] [ ] [ ] ,0,;,;,; =++ bacacbcba  

(iii) [ ][ ] [ ][ ] [ ][ ] [ ][ ]cyxbacbyxacbayxcbayx ,;,,,,;;,;,;,,,; ++=  for 

all .,,,,, Vcbazyx ∈  
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A left Bol algebras [ ] [ ]( )−−−−− ,,,;,V  is a Lie triple system 

[ ]( )−−− ,;,V  with an additional skew-symmetric operation [ ]−−,  

satisfying [ ][ ] [ ][ ] [ ][ ] [ ][ ] [[ ],,,,;,;;,,;,,, babayxybaxyxbayxba +++=  

[ ]]yx,  for all .,,,,, Vcbazyx ∈  

Example 2.0.1. (1) Let K be a commutative field of characteristic 
different to zero. We set ( ){ },baxxff +==A  and we defined on ,A  

the following operations: 

[ ] ,,, dx
dh

dx
dfgdx

dh
dx
dgfhgf −=  and  

[ ] ,, dx
dfgdx

dgfgf −=   

[ ] [ ]( )−−−−− ,,,,A  is a Bol algebra. 

(2) Let V be an algebra of dimension 3 with a given basis ( ) ,31 ≤≤iie  

we defined by 

[ ] ,, 32131 epexeee ++=  for all px,  greater or equal to zero, 

( ) ,,, 1321 eeee =  

( ) .,, 1331 eeee =  

The bilinear and the trilinear brackets of those not appearing are set 
to be equal zero. [ ] ( )( )−−− ,,,,,V  is Bol algebra. 

Definition 2.0.2. A homomorphism WVf →:  between two Bol 

algebras V and W is a linear map preserving the ternary and the binary 
operations. 

Definition 2.0.3. An ideal of Bol algebra V is a subspace I for which 
[ ] IVI ⊆,  and [ ] .,, IVVI ⊆  

Remark 2.0.1. If I is an ideal of Bol algebra V, the quotient IV  is a 

Bol algebra with the operations: [ ] [ ] IzyxIzIyIx +=+++ ,;,;  and 
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[ ] [ ] IyxIyIx +=++ ,,  for all .,, Vzyx ∈  The mapping xÖ→−− Ix +  is 

a homomorphism of Bol algebra V onto a Bol algebra I
V  with the kernel I. 

2.1. Solvable and semi-simple Bol algebras. As in the study of Lie 
triple systems and anti-Lie triple systems in [5, 7, 12], we introduce the 
notion of radical and nilradical for Bol algebras. The study of solvable and 
semi-simple Bol algebra can be find on [11]. 

If I is ideal of Bol algebras V, put ( ) [ ] [ ],,,,, 10 IIVIIIII +==  and 
( ) [ ( ) ( ) ] [ ( ) ( ) ]kkkkk IIVIII ,,,1 +=+  for .N∈k  

Lemma 2.1.1 ([1]). For each k in ( )1, +kIN  is an ideal of ( ) .kI  Thus, 
( ) ( ) .11 +⊇⊇⊇ kIII …  

Definition 2.1.1. An ideal I in Bol algebra V is solvable, if there is a 

positive integer n for which ( ) .0=nI  

It is well to remark that, if I and J are ideals in Bol algebra IJV ⊆,  

and I is solvable, then J also. 

We note that, if ϕ  is a homomorphism of Bol algebras V into a second 

Bol algebra W, then ( ( ) ) ( )( )( ).ii VV ϕ=ϕ  

Lemma 2.1.2. Every subalgebra and every homomorphic image of 
solvable Bol algebras is solvable. If V contains a solvable ideal I such that 

IV  is solvable, then V is solvable. 

Proof. The first two statements are clear. Let denotes by π  the 
canonical projection xÖ→−− Ix +  of V onto .IV  Then 

( ( ) ) ( )( )( )kk VV π=π  

( )( )kIV=  

,0=  
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where k is the index of solvability of .IV  Hence ( ) .IV k ⊆  According to 

the hypothesis, I is solvable and we have ( ) 0=hI  for some h. Hence, 
( ) IV k ⊆  implies V is solvable.   

Proposition 2.1.1. The sum of any two solvable ideals of V is solvable 
ideal. 

Proof. Let I and J be solvable ideals. By one of the standard theorem 

of isomorphism theorems, JI ∩  is an ideal in I and .JI
I

I
JI

∩
≅+  The 

Bol algebra JI
I
∩

 is solvable as homomorphic image of the solvable Bol 

algebra I. Since J is solvable, the lemma applies to prove that JI +  is 
solvable.   

Corollary 2.1.1. Let us form ( ) αα
Λ∈α

∑= IIVR ,  is solvable ideal in V 

and Λ  is a subset of .N  Then, ( )VR  is solvable and is the unique 

maximal solvable ideal in V. 

Proof. We are going to proceed by induction. 

If the cardinal of Λ  is 2. According to Proposition 2.1.1, ( )VR  is 

solvable. Assume that the sum α
Λ∈α
∑ I

1
 is solvable with 1Λ  a subset of ,Λ  

which has k elements. 

Let 2Λ  be a subset of ,Λ  which has ( )1+k  elements and .21 Λ⊆Λ  

We have ,1
12

+α
Λ∈α

α
Λ∈α

α+∑=∑ kII  which is solvable as sum of two 

solvable ideal. 

Let L be a solvable ideal of V, then there is Λ∈α  such that .α= IL  

Hence ( )VR  is maximal ideal in V. 
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Definition 2.1.2. The ideal ( )VR  established above is called the 

radical of Bol algebras V. In case ( ) ,0=VR  the Bol algebra V is semi-

simple. 

2.2. Nilpotent ideal in Bol algebras. In this subsection, we extend 
Hopkins definition for the Lie triple systems [5], to Bol algebras. There is 
an other definition of nilpotence for Lie triple systems given by Kamiya, 

see [7]. Suppose that L is an ideal of V. Then [ ] LL =0  and for ,0≥k  
[ ] [ [ ] ] [ [ ] ] [ [ ] ]kkkk LVLLVLLVL ,,,,,1 ++=+  defines the series for L.       

L is nilpotent if [ ] 0=nL  for some n. Note that [ [ ] ] [ [ ] ]LLVVLL kk ,,,, +  

[ ].1+⊆ kL  

Lemma 2.2.1. I and J are two ideals of Bol algebra V such that 
.JI ⊆  If J is nilpotent, then I also is nilpotent. 

Proof. We show by induction that, [ ] [ ] [ ] IIJI kk =⊆ 0.  and [ ] ,0 JJ =  

the property is true for .0=k   

Suppose that [ ] [ ]kk JI ⊆  and let us show that, [ ] [ ].11 ++ ⊆ kk JI  We 

have [ ] [ [ ] ] [ [ ] ] [ [ ] ]kkkk IVIIVIIVI ,,,,,1 ++=+  and [ ] [ [ ] ]kk JVJ ,1 =+  

[ [ ] ] [ [ ] ].,,,, kk JVJJVJ ++  Since [ ] [ ],kk JI ⊆  then [ ] [ ].11 ++ ⊆ kk JI  

 

Proposition 2.2.1. Suppose that L and J are ideals of Bol algebra V, 
the following statements are true: 

(1) [ ]kL  is an ideal of V, so [ ] [ ] .1 kk LL ⊆+  

(2) ( )[ ] [ ] .VLVL kk ∩∩ =  

(3) If L and J are nilpotent, then JL +  is a nilpotent ideal of V. 
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Proof. (1) is proven as Lemma  2.1.1. 

(2) We proceed by induction. If ,0=k  we have ( )[ ] [ ] .00 VLVL ∩∩ =  

Suppose that ( )[ ] [ ] .VLVL kk ∩∩ =  We have 

[ ] ([ [ ] ] [ [ ] ] [ [ ] ]) VLVLLVLLVL kkkk ∩,,,,,1 ++=+  

[ [ ] ] [ [ ] ] [ [ ] ]VLVVLVLVVLVLV kkk ∩∩∩∩∩ ,,,,, ++=  

[ ( )[ ] ] ([ )[ ] ] [ ( )[ ] ]kkk VLVVLVLVVLVLV ∩∩∩∩∩ ,,,,, ++=  

( )[ ] .1+= kVL ∩  

Hence the result. 

(3) We can show by induction, the relation of inclusion 

( )[ ] ( )[ ] ( )[ ] .
1

iik

i
kkk JLJLJL ∩∑ =

++=+   

Let V be a finite dimensional Bol algebra, then this implies that there 
is in V a unique maximal nilpotent ideal, called the nilradical of V, which 
contains all other nilpotent ideal of V. 

We note that, if ϕ  is a homomorphism of Bol algebras V into a second 

Bol algebra W, then ( [ ] ) ( )( )[ ].ii VV ϕ=ϕ  

We set now, ( ) { [ ] }VaxaVxVZ ∈∀=∈= ,0,0  and ( ) { ∈= xVZ1  

[ ] } ( ) ( )VZVZVbaxbaV 10.,,0,, ∩∈∀=  is an ideal of Bol algebra V 

and we denotes ( ) ( ).10 VZVZZ ∩=  

Proposition 2.2.2. If ZV  is nilpotent, then V is nilpotent. 

Proof. Suppose that ZV  is nilpotent of nilindex n, and V:π →−−  ZV  

the canonical projection. Then [ ] .ZV n ⊆  
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If I is an ideal of V, we can define another weak series for I as    

above. We set II =0  and [ ]kkk III ,1 =+  for .0≥n  We have also  

( ) ( )( ) ,ii VV ϕ=ϕ  if ϕ  is a morphism of Bol algebra. 

3. Bol Algebras with Killing-Ricci Form 

The Killing-Ricci form was originally introduced by Cartan into a Lie 
algebra theory in his thesis [2], to characterize solvable and semi-simple 
Lie algebras. Following Cartan and Kikkawa [8] for the case of Lie triple 
systems, Killing-Ricci form was introduced by Kuz’min and Zaidi on Bol 
algebras, for the same purpose, see [11], but they are not characterized 
the automorphisms of Bol algebras and the nilpotent Bol algebras with 
such form; that is the aim of this section. 

Let [ ]( )−−−⋅ ,,,,B  be a Bol algebra. A linear map Bp : →−−  B is 

called pseudoderivation of B, with the companion a, if the following 
equalities hold for all :,, Bzyx ∈  

[ ]( ) ( )[ ] ( )[ ] ( )[ ],,,,,,,,, zpyxzypxzyxpzyxP ++=  

( ) ( ) ( ) [ ] ( ).,, yxaayxypxyxpyxp ⋅⋅++⋅+⋅=⋅  

For all ,, Bba ∈  the map ( ) xbaD :, Ö→−− [ ]xba ,,  is a pseudoderivation 

with companion ;ba ⋅  linear combinations of such maps are called inner 

pseudoderivation and denoted by IPderB. The standard enveloping Lie 
algebra for B is the Lie algebra [ ] ,, IPderBBBBBL +=+=  with the 

bracket defined by 

[ ] ( ) ( )[ ] ( ) ( ),,,,,,, cbaDcbaDbaDbaba =+⋅=  and 

( ) ( )[ ] ( ) ( ) ( ) ( )baDdcDdcDbaDdcDbaD ,,,,,,, −= . 

This enveloping Lie algebra is the same for the associate Lie triple 
system and was defined by Hopkins in [5]. It is important to remark that 
Hopkins has defined the standard enveloping Lie algebra in general case 
of Lie and anti-Lie triple systems; for Lie triple systems, the standard 
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enveloping is Lie algebra, and for anti-Lie triple systems, the standard 
enveloping is Lie superalgebra. To know more about Lie superalgebras, 
see [6]. 

Now, let B be a finite-dimensional Bol algebra, L be its standard 
enveloping Lie algebra, and α  be the Killing-Ricci form of L. We define 
the Killing-Ricci form of the Bol algebra B as the restriction β  of the form 

α  to B. The following theorem provide the link between automorphisms 
of Bol algebras and the Killing-Ricci form for such Bol algebra as in the 
case of Lie theory. Our first main result is this. 

Theorem 3.0.1. Let B be a finite-dimensional Bol algebra. The 
Killing-Ricci form on Bol algebra B is invariant under the automorphisms 
of Bol algebras; that is, ( ) ( )( ) ( )yxyfxf ,, =β  for all Byx ∈,  and f an 

automorphism of B. 

Proof. Let Bf :  →−−  B be an automorphism of Bol algebra B and 

[ ]BBBL ,+=  its standard enveloping Lie algebra. We define 

Lf :~  →−−  L 

as follow: 

( ) ( ),~ xfxf =  for ( )( ) ( ) ( )( )bfafDbaDfBx ,,~; =∈  and ( ) ( )( )dcDbaDf ,,~  

( ) ( )( ) ( ) ( )( ),,, dfcfDbfafD=  we extend f~  to all elements by linearity. 

Let dcba ,,,  on B, we have 

[ ]( ) ( )( )baDbafbaf ,~,~
+⋅=  

( ) ( )( )baDfbaf ,~~
+⋅=  

( ) ( ) ( ) ( )( )bfafDbfaf ,+⋅=  

[ ( ) ( )],~,~ bfaf=  
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( )[ ]( ) ( ) ( )( )cbaDfcbaDf ,~,,~
=  

[ ]( )cbaf ,,=  

( ) ( ) ( )[ ]cfbfaf ,,=  

( ) ( )( ) ( )( )cfbfafD ,=  

( ) ( )( ) ( )[ ]cfbfafD ,,=  

[ ( )( ) ( )],~,,~ cfbaDf=  

( ) ( )[ ]( ) ( ) ( )( ) ( ) ( )( )baDdcDfdcDbaDfdcDbaDf ,,~,,~,,,~
−=  

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )bfafDdfcfDdfcfDbfafD ,,,, −=  

( ) ( )( ) ( ) ( )( )[ ]dfcfDbfafD ,,,=  

[ ( )( ) ( )( )].,~,,~ dcDfbaDf=  

Let α  be the Killing-Ricci form of L and the Killing-Ricci form of the 

Bol algebra B is the restriction β  of the form α  to B. f~  is an 

automorphism of L. Then ( ( ) ( )) ( ).,~,~ yxyfxf =α  Hence ( ) ( )( )yfxf ,β  

( )., yx=  

 

Now we can also give the relation between nilpotent Bol algebra and 
its Killing-Ricci form. 

Lemma 3.0.1. Let B be a Bol algebra and L be an enveloping Lie 
algebra for ( )BB N,  and ( ),LN  respectively, the nilradical of B and L. If 

I is a nilpotent ideal of B, then [ ]IBI ,+  is a nilpotent ideal of L; in 

particular, ( ) ( ).LB NN ⊆  

Proof. Since any nilpotent ideal of a Bol algebra is nilpotent ideal in 
its restriction Lie triple systems. This lemma follows from a similar 
statement about Lie triple systems, see ([5], Corollary 3.3).   
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Theorem 3.0.2. The Killing-Ricci form of a nilpotent Bol algebra B is 
identically zero. 

Proof. Let B be a nilpotent Bol algebra and L be the enveloping Lie 
algebra for B. Let β  and α  be the Killing-Ricci form, respectively, of B 

and L. B is nilpotent, so is L, according to Lemma 3.0.1. It is clear that 
,0=α  hence .0=β  

 

4. The Levi-Malcev Theorem for Homogeneous  
Bol Algebras 

The definition of homogeneous Bol algebras in this paper is the one of 
that was used by Filippov in [3]. 

Definition 4.0.1. Bol algebras, whose trilinear operation is expressible 
through the bilinear operation as homogeneous polynomial are called 
homogeneous Bol algebras; that is, 

[ ] [ ][ ] [ ][ ] [ ][ ],,,,,,,,, yxzxzyzyxzyx γ+β+α=  

for some γβα ,,   in the based field and .,, Vzyx ∈  

We have also a geometric realization of homogeneous Bol algebras, 
given by Sabinin in [19] and Mikhev in [14]. Let ( )∇,B  be an affinely 

connected space with the curvature tensor ,0=R  and let ( )xX  be an 

infinitesimal affine transformation in ( );, ∇B  that means for every vector 

field ,BY ∈  we have [ ] ,,YXXX LL ∇=∇−∇ DD  where L is a Lie 

differential in the direction of the vector field X. Let us introduce in B a 
basis of vectors field such that for every ,,,, 21 nXXX …  then ( ) =xX  

( ) ( ) xj
j Xxα  and we can have [ ] ., j

j
ikji XTXX −=  The following 

definition is due to Mikhev in [14]. 
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Definition 4.0.2. A local analytic loop ( )eB .,,  verify the G-property 

if there exists such a neighbourhood U of the point ,Be ∈  such that for 

any ,Ux ∈  the loops ( )eB .,,  and ( )exB ,1,  are isomorphic. 

The underline author has show that, a local analytic Bol loop ( )eB .,,  

posses a G-property, if and only if the corresponding affine connected 
space ( )∇,B  is local homogeneous. To know more about homogeneous 

spaces, see [15]. Now, let B be a Bol loop that posses a G-property and 
( )BTV e=  be its an infinitesimal object. Indeed, we will have the 

following bilinears and trilinears operations: 

( )ηζ, Ö→−− ( ) ( ) ( ) ,, kjj
ik

i
e eTBT ηζ=η⋅ζ∈η⋅ζ  

( ) ( ) ,,, lkji
sl

s
ik

j
ike

i TTT ττ ηζ+∇=ηζ  

[ ] ,, j
j

ikji XTXX −=  which will verify the identities of the definition of 

Bol algebras. In addition, this Bol algebras is homogeneous. 

4.1. Connection with Malcev algebras. The notions of ideal, solvable 
ideals, radical for Malcev algebras was defined in [20]. In this subsection, 
we show that, there is compatibility for the notion of ideal, solvability, 
radical between homogeneous Bol algebras and Malcev algebras. 

An anticommutative algebra [ ]( ),,M  is said to be a Malcev algebra, if 

it satisfies the identity ( )[ ] [ ]( ),,,,,,, zxyxJxzyxJ =  where 

( ) [ ][ ] [ ]] [[ ][ ]yxzxzyzyxzyxJ ,,,,,,,, ++=  

is the Jacobian of ,,, zyx  see [4, 13, 16, 18, 19]. Malcev algebras arise as 

tangent algebras of analytic Moufang loop, it is a geometric realization of 
Malcev algebras, see the same references above. 

From Malcev algebra [ ]( ),,,M  one can obtain a Bol algebra 

[ ] [ ]( ),,,,,M  with the ternary product defined by 
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[ ] [ ][ ] ( ).,,3
1,,,, zyxJzyxzyx −=  

 In fact, this Bol algebra is homogeneous. 

We recall that, Malcev algebras are particular examples of 
homogeneous Bol algebras; thus, every homogeneous Bol algebra is 
neither Malcev algebra, or not. 

We have the following theorem of Filippov in [3], which give a nice 
characterization of the class of homogeneous Bol algebras, which are not 
Malcev. 

Theorem 4.1.1 (Filippov [3]). If the homogeneous Bol algebra V over a 
field of characteristic distinct from 2 and 3 is not Malcev algebra, then 

( ) .032 =V  

Now we are in position to prove our second main result. 

Theorem 4.1.2. Suppose that V is a finite-dimensional homogeneous 
Bol algebra over a field of characteristic zero and ( )VR  is the solvable 

radical of V, then V decompose into a semi-direct sum of ( )VR  and some 

semi-simple Bol sub-algebra Q of V. 

The proof of this theorem use the following lemmas: 

Lemma 4.1.1. Let V be a homogeneous Bol algebra which is Malcev 
algebra, then the following statements are equivalent: 

(1) I is an ideal of Malcev algebra V. 

(2) I is an ideal of Bol algebra V. 

Proof. Suppose that, I is an ideal of Malcev algebra V; then [ ] ⊆VI ,  

.I  We have 

[ ] [ ] [ ] [ ][ ] [ ][ ] [ ][ ]VIVIVVVVIVIVVIVI ,,,,,,,,,, γ+β+α+=+  

 [ ] [ ][ ] [ ][ ] [ ][ ]VIVIVVVVIVI ,,,,,,, +++=  

 .I⊆  
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Conversely, let I be an ideal of Bol algebra V, then [ ] [ ] ;,,, IVVIVI ⊆+  

thus [ ] IVI ⊆,  and I  is an ideal of Malcev algebra. 

 

Lemma 4.1.2. Let V be a homogeneous Bol algebra, which is Malcev 
algebra, then the following statements are equivalent: 

(1) I is a solvable ideal in Malcev algebra V of index m. 

(2) I is a solvable ideal of Bol algebra V of index m. 

Proof. Let us denoted by kI  the ascendant series of ideals I in 

Malcev algebra v by: II =0  and [ ]kkk III ,1 =+  for ,0≥n  and recall 

the ascendant series of ideals I in Bol algebra V. 

Let us show by induction that ,0=kI  if and only if [ ] .1,0 ≥∀= nI k  

If ,1=n  we have 

[ ] [ ]IIVIII ,,,1 +=  

[ ] [ ][ ] [ ][ ] [ ][ ]IVIVIIIIVII ,,,,,,, γ+β+α+=  

[ ] [ ][ ] [ ][ ] [ ][ ]IVIVIIIIVII ,,,,,,, +++=  

.0=  

Then 01 =I  implies ( ) .01 =I  

Conversely, assume that ( ) ,01 =I  i.e., [ ] .0,,1 =+ IIVI  Then 

.01 =I  Let I be an ideal of index m in Malcev algebra. We have 

[ ] ([ ])mmm IVPII ,+=  

,0=  

where P is homogeneous polynomial. 

Conversely, if ( ) ,0=mI  then ([ ]) ,0, =+ mm IVPI  thus .0=mI    
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Let V be a Bol algebra, we denote by ( )BVR  it’s radical. And let V be 

a Malcev algebra, we denote by ( )MVR  it’s radical. We have the 

following lemma: 

Lemma 4.1.3. If V is a Bol algebra which is also Malcev algebra, then 

( ) ( ) .BM VRVR =  

Proof. We have show that if I is a subset of V, I is an ideal of Bol 
algebra V, if and only if I is an ideal of Malcev algebra v; and I is solvable 
on Bol algebra V of index n, if and only if I is solvable on Malcev algebra 

V of index n. Hence ( ) ( ) .BM VRVR =  

 

Corollary 4.1.1. Let V be a Bol algebra, which is Malcev algebra. An 
ideal I of Malcev algebra V is semi-simple, if and only if I is a semi-simple 
ideal of Bol algebra V. 

Proof. We use the above theorem in the case, which 

( ) ( ) .0== BM VRVR  

 

Lemma 4.1.4. Every ideal in the finite dimensional homogeneous Bol 

algebra, which is not Malcev is solvable. 

Proof. Let V be a homogeneous Bol algebra, which is not Malcev 

algebra. We have VV =0  

( ) [ ] [ ]VVVVVV ,,,1 +=  

[ ] [ ][ ] [ ][ ] [ ][ ]VVVVVVVVVVV ,,,,,,, γ+β+α+=  

[ ] [ ][ ]VVVVV ,,, +=  

[ ]VV ,=  

.1V=  
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( ) [ ] [ ][ ] [ ] [ ][ ]VVVVVVVVVV ,,,,,,,2 +=  

[ ] [ ][ ] [ ] [ ][ ] [ ][ ]VVVVVVVVVVV ,,,,,,,, α++=  

[ ] [ ][ ] [ ][ ] [ ][ ]VVVVVVVVVV ,,,,,,,, γ+β+  

[ ] [ ][ ] [ ][ ] [ ][ ]VVVVVVVVV ,,,,,,, +=  

[ ] [ ][ ]VVVV ,,,=  

.2V=  

( ) [ ( ) ( ) ] [ ( ) ( ) ]22223 ,,, VVVVVV +=  

[ ] [ ][ ] [ ] [ ][ ][ ] [[ ( ) ] ( ) ]22 ,,,,,,,,, VVVVVVVVVVV α+=  

[[ ( ) ( ) ] ] [[ ( ) ] ( ) ]2222 ,,,, VVVVVV γ+β+  

[ ] [ ][ ] [ ] [ ][ ][ ]VVVVVVVV ,,,,,,,=  

[ [ ] [ ][ ] [ ] [ ][ ][ ]VVVVVVVVV ,,,,,,,,+  

[ ] [ ][ ] [ ] [ ][ ][ ][ ]VVVVVVVVV ,,,,,,,,+  

[ ] [ ][ ][ ] [ ] [ ][ ][ ]VVVVVVVVV ,,,,,,,,+  

6968 VVVV +++=  

.0=  

According to Filippov [3]. 

Let I be an ideal on algebra ,, VIV ⊆  and V is solvable. Hence I is 

solvable.   

Now we are going to prove our theorem. 

Proof. Let V be a homogeneous Bol algebra. If V is Malcev algebra, 
according to the theorem of Griskov-Kuz’min in [4] and [10], ( ) ⊕= VRV  

,Q  where ( )VR  is a radical of Bol algebra V and Q is a semi-simple sub-Bol 

algebra of V. Since the Lemmas 4.1.1-4.1.3 show the compatibilities of the 
two structures. 
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If V is not Malcev algebra, according to the Lemma 4.1.4, V is 
solvable. Hence the theorem is valid. 
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